Abstract: An aircraft exposed to illumination by a tracking radar is considered and the problem of determining an optimal planar trajectory connecting two prespecified points is addressed. An analytic solution yielding the trajectory that minimizes the radar energy reflected from the target is derived using the Calculus of Variations. The solution is shown to exist only if the angle θ f , formed by the lines connecting the radar to the two prespecified trajectory end points, is less than 60 o . In addition, expressions are given for the path length and optimal cost.
INTRODUCTION
Given a radar located at the origin O of the Euclidean plane, it is desired to find the optimal aircraft trajectory that connects two prespecified points A and B in the plane such that the Radio Frequency (RF) energy reflected from the aircraft is minimized; see, e.g., Fig. 1 . According to the "Radar Transmission Equation" in Skolnik (1990) , the ratio of the received RF power to the transmitted RF power reflected from the target is inversely proportional to R 4 , where R is the slant range from the target to the monostatic radar. The cost to be minimized is then 
Substituting into the cost equation we then obtain the functional
The boundary conditions are 
Moreover, the length of the optimal path is given by the integral Proof. We have obtained a variational problem with an integrand which is not explicitly dependent on the independent variable θ . In this case, the Euler equation of the Calculus of Variations -see, e.g., Gelfand and Fomin (1963) -can be reduced to a first order differential equation
where C is a constant. Thus,
, and is monotonically decreasing (increasing) on 
The solution of this ODE entails an integration. To this end, define the new variable
, where φ is the integration constant. Hence,
Similarly, onθ
where
We have three unknowns: φ ψ andθ , and three conditions:
and 3θ 2 ψ £ 2 π 2 see, e.g., Eqs. (7) and (8).
Thus, combining Eqs. (9) and (2) 
¢ £
R f to determine C and φ , respectively, viz.,
Thus, the extremizing trajectory is explicitly given by
It can be shown that the extremal given in Eq. (4) satisfies the necessary and sufficient conditions for a weak local minimum -see, e.g., Hebert (2001) .
Once the optimal path R& ¡ θ ¢ h as been explicitly determined, it is possible to calculate the path length of the trajectory. The path length is given by
Substituting (6) into (12) yields
Using Eqs. (4) and (11) yields the optimal path length
It can be shown that the path length integral (14) evaluates into an expression consisting of elliptic integrals of the first kind.
The cost function Eq. (1) can be simplified by substituting Eq. (6) to obtain
Substituting for the previously determined integration constant (11), and optimal trajectory (4), yields 
The optimal trajectory R& ¡ θ ¢ i s then obtained by substituting (18) into (4), whereupon we obtain
Similarly, by substituting Eqs. (11) and (18) Considering the optimal cost for the trajectory when R f
